IX, Occultatio Jovis a Luna, oi?f. Londini* 

Read June 7. 

Notante Horoiogio- 

d h / // 

1 744. 7^;^^ (5. II 13 40 Immerfio centri 7w/^//V,fat certc. 

35 14 ctSerpentaria culminat. 
43 15 Emerfio centri,raptim inter nubes^ 

Tubo 12 Ped. 

J. Bevis. 



X* A letter from Mr. Abraham De Moivre, 
F. R. S. to William Jones, Efquire^ F. R. S\ 
concerning the eafufl ?nethod for calculati?tg 
the value of annuities upon lives^from tables 
of obfervations. 

SIR, 

Prjfented June y.^^ Q jj ^^y remember, that fome time 
^ '^* JL ^f'^f the printing of the fecond 

edition of my book of annuities on lives, you 
told me, that it feem'd ftrange to you, that, con- 
iidcring I had demonftrated the chief proportions in 
the book, I had negleded to demonftrate the theo- 
rem, which is found in page %6. line 12. which, you 
faid, of all the reft, appeared to you the moft curi- 
ous ; I anfwer'd, that, as the demonftration de- 
pended upon a principle which was not commonly 

I known 



Jknown, I was afraid that the publlfliing of it would: 
have fweird the book too much j for this reafon 
efpecially, that many corollaries were annexed to 
it. However, I promifed to fend it you in a fhorc 
timej but defired you to let me know, whether you 
thought it deferv'd a place in the Philofophical Tranf- 
anions. I now difcharge my promife 5 and exped^ 
with impatience, the favour of your opinion. 1 am^ 
with a very particular regard, 

S I My 

Tour mo ft humble ^ 

and mofi obedient Servant^ 

A. De Moivre* 

A Jhort method of calculating the value of 
annuities on livesy from tables of ohfer- 
nations. 

ALTHO' it has been an eftablifhed cuftom, in 
the payment of annuities on lives, that the 
laft rent is loft to the heirs of the late poffeflbr of an 
annuity, if the perfon happens to die before the 
expiration of the term agreed on for payment, 
whether yearly, half yearly, or quarterly: ncverthe* 
lefs, in this treatife I have fuppos'd, that fuch a part 
of the rent fliould be paid to the heirs of the late 
poffefTor, as may be cxaftly proportioned to the time 
claps'd between that of the laft payment, and the 

very 
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very moment of the life's expiring 5 and this by a 
proper, accurate, and geometrical calculation. 

I have been induced to take this method, for the 
following reafons; firft, by this fuppofition, the 
value of lives would receive but an inconfiderable 
increafe ; fecondly, by this means, the feveral inter-* 
vals of life, which, in the tables of obfervations, 
are found to ha\^ uniform decrements, may be the 
better conncded together. It is with this view that 
I have framed the two following problems, with 
their folutions* 

Problem I. 

To find the value of an annuity^ fo circumjian- 
tiatedy that it fhall be on a life of a given age 1, 
and that-, upon the failing of that life^ fuch a 
part of the rent fhall be paid to the heirs of the 
late pojfejfoT of an annuity^ as may be exactly 
proportioned to the time intercepted between that 
of the la ft payment, and the very moment of the 
lifes failing. 

Solution. 

LlEsT n reprefent the complement of life, that is, 
the interval of time between the given age, 
and the extremity of old-age, fuppob'd at 8 6. 
r the amount of i/. for one year, 
a the logarithm of r. 

y the prefent value of an annuity of i /• for 
the given time. 

^ the value of the life fought. 

I jp 
Then = ^. 

I 2 De 



E 68 ] 

Demonstration. 

For, let z reprefent any indeterminate portion of 
n. Now the probability of the life's attaining the 
end of the interval z^ and then failing, is to be 

exprejQTed by 1, (as fhewn in page 77, edit. i. and 

in page 115, edit. 2. of my book of annuities upon 
lives) upon the fuppofition of a perpetual and uni- 
form decrement of life. 

But it is well known, that if an annuity cer- 
tain, of i/. be paid during the time z, its prefent; 

value will be jp = or 



And, by the laws of the dodrine of chances, the 
expectation of fuch a life, upon the precife interval 

z, will be expreiTed by _4=l~ -4=-.5 which may 

be taken for the ordinate of a curve, whofe area 
is as the value of the life required. 

In order to find the area of this curve, let 
p^rznxy—i ^, and then the ordinate will becom.S5 

^ "• "f^ • a much more commodious expreffion- 
Now it is plain, that the fluent of the firft part 

is f : but as the fiueat of the fecond part is not fo 

P 
readily difcovcr'd, it will not be improper^ in this 

place, to fhevv by what artifice i found it , for I do 
not know, whether the fame method has been made 
ufe of by others : all that 1 can iay, is, that I never 

had 
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had oGcafion for it, but in the particular ckcum- 
fiance of this problem. 

Let, therefore, r^ =:;r 5 hence ^ log. r =log.^ 5 

therefore « log. r = (fluxion of the log. x = ) fL, 
orccjs*= ~ I confequentJy jj = f-., and — mJL: 
but the fluent of — is (-— - — =:) — — ♦ and 

« 

therefore the fluent of •— -^ will be +--^» 
The fum of the two fluents will be S 4. — L- . 

p * pxr^ ^ 

but, when ^ = o, the whole fluent fhould be = o $ 
let therefore the whole fluent be ^ 4. -^ +^ = 0. 

Now, when ;s = O5 then -2 = 0, and —V be- 

p etpr* 

comes -^ (for r7'=ri,) confequently ~ + f = oj^ 
and I = — -~ : therefore the area of a curve. 



Z I 



whole ordinate is Z — .^ will be (-;: • — + 



p fr^ ^i ^h ^P'^ 



\ % r I 

•) I ~ X ~- . 

• P p% fipf^ 

But jP = — ^ — r=r — i therefore i ^^ 

1^—1 r^ — iXr2 r* 



r— I X P, and the expreflion for the area becomes 
-4=r— — : And putting n infteadof ^, that area, or 

nXr — I An 

the value of the life, v/ill be exprefTed by ' ,— JL 

Tnoi^ 
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Thofe who arc well verfed in the nature of loga- 
rithms, I mean thofe that can deduce them from the 
doftrine of fluxions and infinite feries, will eafiiy 
apprehend, that the quantity here called a, is that which 
fome call the hyperbolic logarithm 5 others, the natural 
logarithm : it is what Mr. Cotes calls, the logarithm 
whofe modulus is i: laftly, it is by fome called 
Nepers logarithm. And, to fave the reader fome 
trouble in the praftice of this laft theorem, the 
moll neccflary natural logarithms, to be made ufc of 
in the prefent difquifition about lives, are the fol- 
lowing: 

If r = I. 04, then will «= 0.0392207. 
r = I. 05, * - - ^ = o, 0487901* 
r= 1.06, - - • a =: 0,0582589. 

It is to be obfervcd, that the theorem here found, 
makes the values of lives a little bigger, than what 
the theorem found in tlie firft problem of my book 
of annuities on lives, docs $ for, in the prefent cafe, 
there is one payment more to be made, than in the 
other 5 however, the difference is very inconfiderable. 

But, altho' it be indifferent which of them is ufed, 
on the fuppofition of an equal decrement of life to 
the extremity of old-age 5 yer, if it ever happens, 
that we fhould have tables of obfervations, concern- 
ing the mortality of mankind, intirely to be depended 
upon, then it would be convenient to divide the 
whole interval of life into fuch fmaller intervals, 
as, during which, the decrements of life have been 
obferved to be uniform, notvvithftanding the decre- 
ments in fome of thofe intervals fiiould be quicker, 
or flower, than others 5 for then the theorem here 
I found 
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found would be preferable to the other i as will be 
fliewn hereafter. 

That there are fuch intervals, Dr. Hallefs tables 
of obfervations fulficiently (hew $ for inftance i out 
of 302 perfons of 54 years of age, there remain, 
after i<S years (tliat is, of the age of 70) but 142 j 
the decrements from year to year having been con- 
ftantly 10$ and the fame thing happens in other in- 
tervals I and it is to be prefumed, that the like would 
happen in any other good tables of obfervations. 

Bur, in order to fhew, in fome meafure, the ufe 
of the preceding theorem, it is neccflary to add 
another problem ; which, tho' its folution is to be 
met with in the firft edition of my book of annui- 
ties on lives, yet it is convenient to have it inferted 
here, on account of the connexion that the appli- 
cation of the preceding problem has with it. 

In the mean time, it will be proper to know, 
What part of the yearly rent jhould be paid to the 
heirs of the late poffejfor of an annuity j as may 
be exaBly proportioned to the time elapfed between 
that of the laji payments and the very moment of 
the Itfes expiring. To determine this, put A for 

the yearly rent 5 1 for the part of the year intercepted 

between the time of the laft payment, and the in- 
ftant of the life s failing $ r the amount of i /. at 

JL 

the year's end : then will rUlr.' A, be the fura to 
be paid, 

P R O' 
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Problem IL 

To find the value of an annuity for a limited inter- 
val of life 9 during which the decrements of 
life may be confidered as equaU 

Solution* 

LET ^ and ^ reprefent the number of people liv- 
ing in the beginning and end of the given 
interval of years. 

s reprefent tliat interval. 

P the value of an annuity certain for that 
interval. 

^the value of an annuity for a life fuppofcd to 
be neceffarily extind in the time s \ or (which 
is the fame thing) the value of an annuity for 
a life, of which the complement is s. 

Then ^+ ^ ^ ?--^ will exprefs the value re- 
quired, 

DEMONSTRATIOlSf. 

For, let the whole interval between a and b be 
fiird up with arithmetical mean proportionals j there- 
fore the number of people living in the beginning 
and end of each year of the given interval s will 
be reprefented by the following ferics > viz. 

^. i — . -J » 1 — L3^ . . X-i-L. . Q'C. to &. 

s ^ s s 

Confequently, the probabilities of the life's con- 
tinning during i, z, 3, 4j 5i &c. years will be cx- 
prefled by the feries, 

ja ja sa ja * a* 

Wherefore, 



C 73 3 

Wherefore, the value of an annuity of i /. granted 
for the time s, will be exptefled by the feries 

&c. to 4 9 this feries is diviifible into two other 

feriess, viz. 

iji. iZl + iZi+irf 4-iz^ c^r.to+-^- 

1 1 - - III ' 1 -11 III I •• ITI ■ ■ " "." "'"" "'" ' 

a sr sr sr^ sr^ sr^ 

Now, fince the firft of thefe fcries^s begins with a 
term whofe numerator is ^— i, and the fubfequent 
numerators each decreafe by unity 5 it follows, that 
the laft term will be = o; and, confequently, that 
feries exprefles the value of a life neccffarily to be 
extind in the time s. The fum of this feries may 
be efteem^'d as a given quantity j and is what I have 
expreffed by the fymboi ^in problem i. 

The fecond feries is the difference between the 
two following ferics's, 

a r r ' r^ * r* r^ 






b s — I 

- X 

a sr ' sr' ' sr^ ' sr"* ' sr' 

Where, negleding the common mukiplier ~ 

the firft feries is the value of an annuity certain 
to continue s years $ which every mathematician 
knows how to calculate, or is had from tables al- 
ready compofed for that purpofe : this value is what 
I have called jP ^ aad the fecond feries is ^ 

K Therefore 
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Therefore ^+ - x K^will be the value of an 

annuity on a life for the limited time. ^ E* T>. 

It is obvious, that the feries denoted by ^ muft 
of neceflity have one term lefs than is the number 
of equal intervals contained in s j and therefore, if 
the whole extent of life, beginning from an age 
given, be divided into feveral intervals, each having 
its own particular uniform decrements, there will be, 
in each of thefe intervals, the defefl: of one pay- 
ment $ which to remedy, the feries ^muft be cal- 
culated by problem i . 

Example. 

To find the value of an annuity for an age of $^^ 
to C4^ntmm 16 year s^ and no longer. 

IT is found, in Dr. Halle/ s tables of obfcrvations, 
that a is joz, and b 172 : now ;^=^= 165 and, 
by the tables of the values of annuities certain, 

T=io.%i77> alfo (by problem i,)^=:(jJ^-£.^ 

6.116%. Hence it follows (by this problem), that 
the value of an annuity for an age of 54, to con- 
tinue during the limited time of 16 years, fuppofe- 
ing intercft at 5 per cent, per annum^ will be worth 

(^+ ~ ^ ^— C=) 8.3365 years purchafe. 

From Dr. Hallefs tables of obfervations, we 
find, that from the age of 49 to 54 inclufive, the 
number of perfons, exifling at thofe feveral ages, 
are, 357, 346^ 3 3 5? 324, 313? 302, which compre- 
hends a fpace of five years 1 and, following the 
precepts before laid down, we flhaii find, that an 

annuity 
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annuity for a life of 49^, to continue for the limited 
time of 5 years, inter eft being at 5 per cent, per 
annumy is worth 4.0374 years purchafe. 

And, in tlie fame manner, we fliall find, that the 
value of an annuity on life, for tlie limited time 
comprehended between the ages of 42 and 45?, is 
worth 5-3492 years purchafe. 

Now, if it were required to determine the value of 
an annuity on life, to continue from the age of 
42 to 70, we muft proceed thus : 

It has been proved, that an annuity on life, reach- 
ing from the age of 54 to 70, is worth 8,3365 years 
purchafe j but this value, being eftimated from the age 
of 49, ought to be diminiflied on two accounts : Firft, 
becaufe of the probability of the life's reaching from 
49 to 54> which probability is to be deduced from the 
table of obfervations, and is proportional to the num- 
ber of people living at the end and beginning of that 
interval, which, in this cafe, will be found 302 and 
357 " The fecond diminution proceeds from a dif- 
count that ought to be made, becaufe the annuity, 
which reaches from 54 to 70, is eftimated 5 years 
fooner, viz. from the age of 49, and therefore that 

diminution ought to be exprefl^ed by ^; fo that the 

total diminution of the annuity of 16 years will be 
cxpreffed by the fraftion ^2L- , which will reduce it 

from 8.3365 years purchafe to 5-5259 > this being 
added to the value of the annuity to continue from 
49 to 54> n)iz>. 4.03741 will give 9.5^33, the value 
of an annuity to continue from the age of 49 to 70. 
For the fame reafon, the value 9-5 63 3? eftimated 

K % from 
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from the age of 42, ought to be reduced, both upon 
account of the probability of living from 42 to 49, 
and of the difcount of money for 7 years, at 5 per 
cent, per annumy amounting together to 3.85 54> 
which will bring it down to 57079 5 to this adding 
the value of an annuity on a life to continue from 
the age of 42 to 49, found before to be 5-3492, 
the fum will be 11. 0571 years purchafe, the value of 
an annuity to continue from the age of 42 to 70, 

In the fame manner, for the laft 16 years of life, 
reaching from 70 to %6j when properly difcounted, 
and alfo diminifhed upon the account of the proba- 
bility of living from 42 to 70, the value of thofe 
laft 16 years will be reduced to 0.8; this being 
added to 11. 05 71 (the value of an annuity to con- 
tinue from the age of 42 to 70, found before), 
the fum will be 11-8571 years purchafe, the value 
of an annuity to continue from the age of 42 to 86; 
that is, the value of an annuity on a life of 42 i 
which, in my tables, is but ii.57> upon the fup- 
pofition of an uniform decrement of life, from an 
age given to the extremity of old-age, fuppofed 

at 86. 

It is to be obferved, that the two diminutions, 
above- mention d, are conformable to v^hat I have faid 
in the corollary to the fecond problem of the firft 
edition, printed in the year 1724- 

Thofe who have futEcient leifure and skill to 
calculate the value of joint lives, whether taken two 
and two, or three and three, in the fame manner as 
I have done the firft problem of this trad, will be 
i^rcatly affifted by means of the two following theo- 
rems : 

If 
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If the ordinate of a curve be 4 i ^^^ ^^^^ will 



z 



be i 



If the ordinate of a curve be — 5 its area will 



be 1 



2 2 2% %^ 



^5 «V« «^r» «^* 
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I beg leave, in this place, to take notice, that 
in the tiieorem in line 12. page 63. of the fecond 
edition of my book of annuities on lives, inftead 

of y, it ought to be A.p- where n and j^ reprefent 

the complements of the age, in the beginning and 
end of a given interval of time. 

And I defire the reader of that edition to adapt 
the fourth article of the rule put in words at lengthy 
in page 64, to the theorem fo correded : then the 
folution there given, and that in page 21. of the firft 
edition, will perfediy agree $ provided that the de- 
crements of life be fuppofed, in both cafes, uni- 
form, from an age given, to the extremity of old- 



age. 



I muft alfo take notice of an accidental error, that 
has crept into the 25 th propofition of the fecond 
edition ; which 1 chufe to correct as follows ; 

1 . Let the firft line of the propofition, and part 
of the fecond line, as far as A exclufive, be erafed. 

2. Let the folution proceed thus: fince the life 
of A is fuppofed to be worth 14 years purchafe, 
when intcreft is at 4 per cent* per annum^ it follows. 
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from our tables, that ^^ muft be 35 years of agej 
therefore find, by the twenty-third propofition, the 
value of an annuity of a life for 3 5 to continue for 
a limited time of 31 years: let that value be fub- 
duded from thfc value of an annuity certain, to con- 
tinue 31 years 5 and the remainder will be the value 
of the reverfion. 



XL He Appearance of a fiery Meteor, asfeen 
by Mr. Cradock, communicated to the Royal 
Society by Mr. Henry Baker, F. R. S. 

jRM4^janc 7-*Tr^HE Head and Body emitted an ex- 
»744- J^ tremely lucid and white Flame. 

The Tail appeared of a tranfparent Blue, like the 
Flame of Sulphur. 




This Th^nomemn was feen on Sunday^ May 27- 
1744.. at 1 1 Minutes after no' Clock at Night : Its 
Direction from S. E. to A^. W* or thereabouts 5 its 
Height feemingly not half a Mile. 

It was feen, as here defcribed, from the Terrace 
in Somerfet'GardenSy by me, 

Zach. Cradock, 

O^ Somerfit'Houfe. 



